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Abstract. We prove several results on the lifespan, regularity, and uniqueness of 
solutions of the Cauchy problem for the homogeneous complex and real Monge- 
Ampere equations (HCMA/HRMA) under various a priori regularity conditions. 
We use methods of characteristics in both the real and complex settings to bound 
the lifespan of solutions with prescribed regularity. In the complex domain, we 
characterize the C'^ lifespan of the HCMA in terms of analytic continuation of 
Hamiltonian mechanics and intersection of complex time characteristics. We use 
a conservation law type argument to prove uniqueness of solutions of the Cauchy 
problem for the HCMA. We then prove that the Cauchy problem is ill-posed in , 
in the sense that there exists a dense set of Cauchy data for which there exists 
no solution even for a short time. In the real domain we show that the HRMA 
is equivalent to a Hamilton-Jacobi equation, and use the equivalence to prove 
that any differentiable weak solution is smooth, so that the differentiable lifespan 
equals the convex lifespan determined in our previous articles. We further show 
that the only obstruction to solvability is the invertibility of the associated 
Moser maps. Thus, a smooth solution of the Cauchy problem for HRMA exists 
for a positive but generally finite time and cannot be continued even as a weak 
solution afterwards. Finally, we introduce the notion of a "leafwise subsolution" 
for the HCMA that generalizes that of a solution, and many of our aforementioned 
results are proved for this more general object. 



1. Introduction 



This article is the third in a series }2HI22j whose aim is to study existence, unique- 
ness, and regularity of solutions of the initial value problem (IVP) for geodesies in 
the space 

n^ = {ipeC'^{M) : uJ^■.= u + ^/^^^ip>0} (1) 

of Kahler metrics on a compact Kahler manifold (M, to) in the class of to, where T-L^j 
is equipped with the metric [Ml [251 B] 

Jm 

This initial value problem is a special case of the Cauchy problem for the homo- 
geneous complex/real Monge-Ampere equation (HCMA/HRMA). The IVP is long 
believed to be ill-posed, and a motivating problem is to prove that this is indeed 
the case, to determine which initial data give rise to solutions, especially those of 
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relevance in geometry ('geodesic rays'), to construct the solutions, and to determine 
the lifespan Tgpan of solutions for general initial data. 

In this article, we prove a number of results on the lifespan, regularity, and unique- 
ness of solutions of the Cauchy problem for the HCMA and the HRMA equations 
under various a priori regularity conditions. The results are based on a study of the 
'characteristics' of the HCMA/HRMA equations, or more precisely on the relations 
between solutions of these equations and Hamiltonian mechanics, and to solutions 
of related Hamilton-Jacobi equations. 

First, we characterize the C"^ lifespan of the HCMA and prove uniqueness of clas- 
sical solutions. We then introduce the notion of a leafwise subsolution of the HCMA 
that generalizes the notion of a solution, and derive obstructions to its existence. 
This can be considered as a method of 'complex characteristics'. Combining these 
results we estabhsh that the IVP for the HCMA is locally ill-posed in C^. This puts 
a restriction on Cauchy data, and addresses questions about the Cauchy problem 
raised by the work of Mabuchi, Semmes, and Donaldson [lH p. 238] , [25] , [U p. 27]. 
We then study the notion of a leafwise subsolution for the HRMA, and prove its 
uniqueness. This allows us to characterize the Legendre transform subsolution of 
the prequels j21l [22], and determine the lifespan of the HRMA. A key ingre- 
dient here is an apparently new connection between HRMA and Hamilton-Jacobi 
equations. 

1.1. Obstructions to solvability, uniqueness, and the smooth lifespan of 

the HCMA. We begin in the complex domain, where Semmes and Donaldson [25\ 
13] gave a formal solution of the IVP in terms of holomorphic characteristics. Namely, 
the Cauchy data (u^gjipo) of the IVP determines a Hamiltonian flow exptX^'^° . 

If the orbits exptx'^'^°z of the flow admit analytic continuations in time up to 
imaginary time T, one obtains a family of maps 

friz) = exp- ^/^rX^^ z:StxM^M, (2) 

where 

St = [0, T] X M, 

with r = s + \/—lt S St, s G [0, T] and t G M. The formal solution ips is then given 
by the formula, 

ifi^r^^o - = V^ddips, s G [0, T]. (3) 

There are several obstructions to solving the IVP in this manner, which must 
vanish if there exists a solution. The most obvious one is that the Hamilton orbits 
need to possess analytic continuations to a strip St- This analytic extension problem 
for orbits should already be an ill-posed problem, and we say that the Cauchy data 
is "T-good" if the extension exists and fs is smooth (see Definitions l2.3H2.3p . This 
is a Cauchy problem for a holomorphic map into a nonlinear space, and we do not 
study it directly here; but in §1.2l we describe some results on obstructions to closely 
related linear Cauchy problems. 

In several settings, such as torus-invariant Cauchy data on toric varieties, the 
Hamilton orbits for smooth Cauchy data do possess analytic continuations (see 
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Proposition 11.91 below). As the following theorem shows, the only additional ob- 
struction to solving the HCMA smoothly is that the space-time complex Hamilton 
orbits may intersect. To state the result precisely, let (M, J, w) be a compact closed 
connected Kahler manifold of complex dimension n. The IVP for geodesies is equiv- 
alent to the following Cauchy problem for the HCMA 

(vr^w + V^ddcp)''^^ = 0, (^o; + V^ddip)'' ^0, on St x M, 

ip{0,t,-) = ipo{-), a,(^(0,t, •) = 0o(-), on{0} xMx M. 

where 7r2 : S't x M —)• M is the projection, and where ip is is required to be vr2W- 
plurisubharmonic (psh) on St x M. The rest of the notions in the following theorem 
are defined in ^ 

Theorem 1.1. (Smooth lifespan and uniqueness) Let {M,uj^g) be a compact Kdhler 
manifold. The Cauchy problem with uj^p^^ € C"^ and po £ C^{M) has a solution 
in C^{St X M) n PSH{St x M, vrj;^) if and only if the Cauchy data is T-good and 
the maps fg defined by are and admit a inverse for each s G [0, T] . The 
solution is unique in C^{St x M) D PSH{St x M,7r2U}). 

This result is important in clarifying the nature of the obstructions to solving 
the HCMA. The existence proof follows by a rather straightforward combination of 
the Semmes-Donaldson arguments [25|, i4j . The uniqueness proof, somewhat sur- 
prisingly, does not readily adapt from the setting studied by Bedford-Burns 
[2\. Unlike in their setting, the proof is not local in nature, and requires a global 
conservation law type argument. The key difference is that the stripwise equations 
vary from leaf to leaf, and one has to prove an a priori estimate that ensures that 
the stripwise elliptic problems are not degenerating. The uniqueness proof is also 
completely different from the corresponding proof for the Dirichlet problem, where 
the maximum principle is available. 

Henceforth, we describe breakdown in time of solutions in terms of lifespans. 

Definition 1.2. Let the C'^'" lifespan Tsp2n (respectively, lifespan Tspanj of the 
Cauchy problem ^ be the supremum over allT > such that admits a solution 
in C^'''{St X M)r\PSH{ST x Af,4a;) (respectively, in PSH{St x M,^^^)). 

We thus have the following characterization of the smooth lifespan of the HCMA. 
The same result holds also for the lifespan T^pg_^- 

Corollary 1.3. The smooth lifespan T^^^ of the Cauchy problem ^ with smooth 
initial data is the supremum over T > such that the Cauchy problem is T-good 
and the maps fg defined by 1^11]) are smoothly invertible for each s G [0, T] . 

1.2. Leafwise subsolutions for the HCMA and ill-posedness. In the ap- 
parent absence of weak solutions beyond the convex lifespan, motivated by the 
detailled results of the prequel [22j on the Legendre subsolution in the special case 
of the HRMA, we are led to introduce a notion of a leafwise subsolution, that should 
be an "optimal" subsolution in some situations. 

Definition 1.4. Assume that the Cauchy problem ^ is T-good. We call a 'Kl^uj-psh 
function f on St x M a T-leafwise subsolution of the HCMA ^ if it satisfies the 
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initial conditions of the Cauchy problem if {7r2(^ + \/— 1(9 (?(/:')" 7^ 0, and if for 
each z £ M , we have 

^:{tiIuj + ^dd^) = 0, (5) 
where 7^(r) = (r, /^(z)), and fr{z) := exp -^/^rX^^"'° .z. 

The proof of Theorem 11.11 shows that a solution on [0,T] x M is a T-leafwise 
subsolution, but "leafwise subsolutions" are more general: a subsolution of HCMA 
may solve ^ along leaves without solving the HCMA globally since the invertibility 
condition on fg in Theorem 11.11 may fail, e.g., when the leaves intersect. 

One of our main results is that the problem of existence of a leafwise subsolution 
for the Cauchy problem for the HCMA is already locally ill-posed in time. In 
particular, this implies the ill-posedness in of the Cauchy problem for the HCMA 
itself. 

Theorem 1.5. (Local ill-posedness) For each ipQ € Tiuj there exists a dense set of 
ipo £ C^{M) for which T^.^^ = T^^^^ = 0, i.e., the IVP (g]) admits no solution 
for any T > 0. 

The proof is given in Section [3l The Cauchy problem for the HCMA is a multi- 
dimensional, nonlinear generalization of the Cauchy problem for the Laplace equa- 
tion Am = on each strip St, which is one of the classic ill-posed problems of 
Hadamard [ini ttSl [IT] . One might think that Theorem 11.51 could be obtained di- 
rectly from the well-known ill-posedness of the Cauchy problem for the Laplace 
equation on a strip. 

However, this is not the case: the leafwise equations ([5]) are inhomogeneous and 
depend on the solution of the HCMA itself. Second, and perhaps more basic, is that 
the strip on which the problem is posed depends on the solution of the HCMA. The 
standard argument of Hadamard (for the classical Laplace equation) of perturbing 
the Cauchy data so as to lie outside the range of the Dirichlet-to-Neumann operator 
therefore cannot be applied directly as it would also perturb the leaves themselves! 

The actual proof does employ the Dirichlet-to-Neumann operators along each leaf 
but also uses a geometric perturbation argument. First, we analyze the obstructions 
for a leafwise subsolution in detail, and show that, for each z G M, the pull-back of a 
leafwise subsolution under 7^ (the map of restriction to the leaf through z defined in 
Definition II. 4p satisfies a certain real-analyticity condition on the initial boundary 
{0} xM of St', more precisely, a certain function of the Cauchy data is real analytic on 
M and possesses an analytic continuation to a two-sided strip [— T, T] x M of width 
precisely T. We refer to Proposition 13.31 for the precise statement. Second, we 
combine Theorem 11.11 and Proposition 13.31 with a geometric perturbation argument 
and basic properties of the Hilbert transform to derive a real-analyticity condition, 
independent of T. 

Theorem 11.51 is thus based on the analytic continuation obstruction of Theorem 
11.11 In the remainder of the paper we concentrate on the second obstruction, i.e., 
the invertibility of the Moser maps fg appearing in Theorem II. 1[ It is present even 
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in the simplest case of toric Kahler manifolds. As we will see, even when the strip- 
wise Cauchy problems can all be solved, there does not generally exist a global in 
time solution of the HCMA. 



1.3. Complementary results for the HRMA. The local ill-posedness result. 
Theorem 11.51 does not apply to the study of the HRMA. The Cauchy problem 
for the HRMA arises precisely when the Cauchy data is torus- invariant, which is, of 
course, non-generic in the space of all possible Cauchy data. And in fact, the Cauchy 
problem for the HRMA has a positive smooth lifespan |22j. Moreover, as we observe 
in Proposition 11.91 there is no obstruction to anal3^ically continuing orbits. In the 
remainder of the article our goal is thus to derive results for the HRMA that are 
somewhat of a complementary nature to those for the HCMA described above. First, 
we would like to understand how our characterization of the smooth (or C^) lifespan 
specializes to the setting of the HRMA. Second, we would like to understand lifespan 
of solutions with less regularity than that described in Theorem ll.lt that is less than 
C\ 

Theorem 11.11 clarifies the breakdown of classical solutions of the Cauchy problem 
for the HCMA already in the toric case. When the Cauchy data is (S'^)"-invariant, 
the equation reduces to the HRMA 

MAV = 0, on [0,r] xM", ^(0, • ) = V'o( • ), 9,^/^(0, •) = ^o( on M", (6) 

that describes geodesies in the space of toric Kahler metrics, where MA denotes the 
real Monge-Ampere operator that associates a Borel measure to a convex function 
and equals det V^/dx^ A • • • A dx'^+^ on functions (see [22l §2.2] and Here 
ipo is a smooth strictly convex function (moreover, with strictly positive Hessian) 
on M" that corresponds to a torus- invariant Kahler metric, i.e., Wj^g = \/—l^^^po 
over the open orbit and (po is a smooth torus-invariant function on M, considered 
as a smooth bounded function iJjq on M". Thus, we view M"" as the real slice of M 
(minus its divisor at infinity). We also refer to the real slices of the leaves of the 
Monge-Ampere foliation as leaves. Also, ImV'i/'o = -P is a compact convex polytope 
in M". Translating the definition of 7r2a;o-psh solutions to the HCMA @ to the real 
setting yields a corresponding class for the HRMA. 

Before defining the class we recall the definition of the Monge-Ampere operator. 
Let M(M"+i) denote the space of differential forms of degree n + 1 on M""*"^ whose 
coefficients are Borel measures (i.e., currents of degree n + 1 and order 0). 

Proposition 1.6. (See [19, Proposition 3.1]) Define by 

df df 

an operator MA : C^(M"+^) — > M(M"+^). Then MA has a unique extension to a 
continuous operator on the cone of convex functions. 
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A result of Alexandrov shows that for any convex function /, the measure MAf, 
defined by {M^A f){E) := Lebesgue measure of df{E), where df denotes the sub- 
differential mapping of / (see [22l §2.1]), is a Borel measure ([191 Section 2]). Fur- 
thermore, according to Rauch-Taylor MA/ = MAf for every convex function / on 
^n+i Proposition 3.4]. 

Definition 1.7. A convex function p on [0,T] xM" is an Alexandrov weak solution 
of the HRMA MA p = 0, if the image of the subdifjerential mapping dp : [0, T] x 
M" —7- R"^"^ is a set of Lebesgue measure zero. 

We now define our class of "admissible solutions" to the HRMA to be Alexandrov 
weak solutions with the property that the image under the spatial sub-differential 
of the solution is a fixed polytope for all times. The assumption means that the 
solutions are potentials of non-degenerate Kahler metrics for each s that stay in the 
same Kahler class. It seems that only these solutions are relevant to toric Kahler 
geometry. 

Definition 1.8. An admissible subsolution to ^ is a convex function on [0,T] xM" 
satisfying (i) ^-(0, • ) = ^o(-) an d dstp{0, ■) = ipo{-) on W, and (ii) -(/'(s) : ^ M 
is strictly convex, and Im9'0(s) = P for each s G [0, T]. An admissible solution in 
addition is a weak solution of MAip = in the sense of Alexandrov. 

Note that this definition assumes ipo and '00 to satisfy the regularity, growth, and 
convexity assumptions of the previous paragraphs. 

In the previous article, we showed that the Legendre transform method for solving 
the HRMA breaks down at the convex lifespan 

Tsp^n := sup { s > : V5 - STpo ° (VV'o)^^ is convex}, (7) 

where ■0q denotes the Legendre transform of ipQ [22[ Theorem 1]. The next propo- 
sition shows that there is no obstruction for the Hamilton orbits to admit analytic 
extensions to strips nor for the maps ([2|) to be smooth, and that the only obstruction 
to smooth solvability is the invertibility of these maps, that we refer to as Moser 
maps (see Definition 12. 2p . 

Proposition 1.9. Let (M, J, Wi^q) be a toric Kahler manifold, and let ipo £ C^{M) 
be torus-invariant. Then, 

(i) The Cauchy problem ^ for (wi^q, <^o) is T-good for every T > 0. 

(ii) The maps fs{z) = exp —\/—lsX^^° .z ^ are invertible if and only if s £ 

l") -'span/- 

This result, together with Theorem II. H determines the smooth lifespan for toric 
geodesies, as well as characterizes all smooth toric geodesic rays. 

Corollary 1.10. (Characterization of smooth toric geodesies) (i) The smooth 
lifespan of the Cauchy problem ([6]) with smooth Cauchy data coincides with the con- 
vex lifespan ([TD, T^^^ = T^^p™ . 

(ii) Smooth geodesic rays in the space of toric metrics are in one-to-one corre- 
spondence with admissible solutions of the Cauchy problem with ipQ £ C°°(M"), 
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V^V'o > 0, ImVV'o = P, i'o ^ n L°°(]R"), and ipo o (VV'o) « concave function 
on P. 

Next, we show that in the case of the HRMA the leafwise obstruction vanishes 
and characterizes the Legendre transform subsolution among aU subsolutions of the 
Cauchy problem. 

Proposition 1.11. (i) The Legendre transform potential, given by 

Ms,x) := {ro-s^o°{^i^oy^nz), x G M", s G M+, (8) 

is the unique admissible leafwise subsolution to the HRMA ^ for all T > 0. 

(a) The corresponding unique admissible leafwise subsolution to the HCMA ^ is 

given by 

^L{s + V^t,e''+^^) :=i;L{s,x)-Mx). (9) 

Observe that the uniqueness result in (i) holds under much weaker regularity than 
that needed in Theorem ll.il 

However, the possibility remains that a solution could persist beyond T^p^n^ but 
not be given by the Legendre transform method. But by following the lead of 
Theorem 11.11 in the case of the HRMA, we show that there cannot exist any 
weak solution in the Alexandrov sense beyond T^p^^- The result is a regularity 
statement. 

Theorem 1.12. (C^ lifespan of HRMA) Any admissible weak solution to the 
Cauchy problem ^B^) with Cauchy data ipo G C°°(]R"), V^Vo > 0, ImVV'o = P, 
tpoeC^n L°°(M") is smooth. Thus, T^^^^ = T^'p™ . 

This generalizes a classical theorem of Pogorelov on the developability of flat (in 
a suitable sense) surfaces in M^. In the language of geodesies in the infinite 
dimensional symmetric space Tii^ ([T]) HSlESlll]) it shows that the exponential map 
fails to be globally defined even when weak solutions are allowed. It is interesting 
to observe that Pogorelov's result for n = 1 involves a quite intricate proof 
I24j . In higher dimensions, this result has been known previously under the rather 
stronger assumption of regularity or more, i.e., for classical solutions [TT| [71 [Sj [2H] . 

The proof of Theorem 11.121 uses the following characterization of the HRMA in 
terms of a Hamilton-Jacobi equation: 

Theorem 1.13. (HRMA and Hamilton-Jacobi) r] G C^([0,T x M") is an admis- 
sible weak solution of the HRMA ([6]) if and only if it is a classical solution of the 
Hamilton-Jacobi equation 

F{Vr])=0, r?(0, •) = V'o, (10) 

where F{a,^) =a-ipQO (VV'o)"H6; where cr G M,C G K". 

Theorem 11.131 reduces the HRMA to a first-order equation for which a well-known 
theory for solutions exists — based on the method of characteristics. The Hamilton- 
Jacobi equation is a 'conservation law' for the HRMA. It may be viewed as combining 
the conservation law ips ° fs = V^o of Proposition 16.31 (see ([2]) for notation) with the 
explicit formula for f^^ in ([74]); see also ()60p . This makes rigorous as well as 
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generalizes to weak solutions the folklore idea [TTl [71 [H [28] that classical solutions 
to HRMA — despite being of second-order — can be obtained by integrating along 
'characteristics' just like a first-order equation, indeed they are affine along lines 
determined by the Cauchy data. 

Theorem 11.121 follows from Proposition 11.111 and Theorem 11.131 Except for one 
step (Proposition 11.1^ . the proof is short and we give it here: 

Proof of Theorem Given the results of [22j , the main new step of the proof 
of Theorem 11.121 is the following generalization to weak admissible solutions 
of HRMA ([6|) of the fact (see Section [2]) that every 7r2a;-psh solution of the 
HCMA dH) is a leafwise subsolution. 

Proposition 1.14. Let (M, J,uj^^) be a toric Kdhler manifold, and letipo £ C°°{M) 
he torus-invariant. Assume that the corresponding Cauchy problem for the HCMA 
^ is T-good. Then any -nl^uj-psh solution of the HCMA ^ up to time T is the 
unique T-leafwise subsolution. 

The proof of Proposition 11.141 is based on Theorem 11.131 and uniqueness of 
solutions of the Hamilton-Jacobi equation. 

We now complete the proof Theorem II. 12^ assuming Proposition 11.141 This is 
possible since the T-good assumption is satisfied in the toric setting. The proof is 
simple and is given in Lemma [4.1i By Proposition 11.11] there exists a unique leafwise 
subsolution (/'L of the toric HCMA (see ([9])), induced by the Legendre transform 
potential ([8]). By Proposition 11.141 anv vTgW-psh solution of ([!]) on a toric variety 
must coincide with ip^. However, 93^ for T > T^p^^ [22l Proposition 1]. Hence, 
there exists no admissible weak solution of the IVP for T > T^^^j^, concluding 
the proof of Theorem 11.121 □ 

For sufficiently regular r/. Theorem 1.13 can be proved in a symplectic geometric 
way by observing that the Lagrangian submanifold Aj^ := graph{dr]) of T*(M x R") 
lies in a level set of the Hamiltonian F. When A^ is sufficiently smooth, it must 
then be invariant under the Hamilton flow of F. When A^ is Lipschitz, for instance, 
we can use flat forms and chains to prove the latter statement, and obtain: 

Proposition 1.15. Let rj € C^'-^{[0,T] x M") be an admissible weak solution of the 
HRMA. Then the Lipschitz Lagrangian submanifold A^ := graph{dr]) C T*MP~^'^ is 
foliated by straight line segments along each of which Vrj is constant. 

We postpone the details of this symplectic approach to the HRMA and the proof 
of this proposition to a sequel [23] , where we also pursue a complex analogue for the 
HCMA. 

1.4. Organization. The charactrization of the smooth lifespan and uniqueness of 
classical solutions (Theorem II. ip is proved in Section [2j The ill-posedness of the 
leafwise problem. Theorem 11.51 is proved in Section [3l Proposition 11.91 concerning 
the obstructions to solvability and the characterization of the smooth lifespan in the 
toric setting is proved in Section [H The characterization of the Legendre potential 
as the unique leafwise subsolution is proved in Section [5] The characterization of the 



THE CAUCHY PROBLEM FOR THE MONGE-AMPERE EQUATION HI 9 

lifespan for the HRMA is given in Section [6l where we also prove the equivalence 
between HRMA and a Hamilton-Jacobi equation. 

2. Smooth lifespan of the HCMA: Proof of Theorem 11.11 

Before proving Theorem 11.11 we need to introduce some terminology and back- 
ground related to the ill-posedness of the Cauchy problem. 

Definition 2.1. We say that the Cauchy problem ^ with smooth initial data 
{MjOJipQ, (fo) is T-Hamiltonian analytic if for every z €z M the orbit of z under the 
Hamiltonian flow of (pQ with respect to Wi^q admits a holomorphic extension to the 
strip St- 

Here, by a holomorphic extension of a map 7 : R — )■ M to S't we mean a 
holomorphic map ^ : St ^ M such that 7(0, t) = 7(t). Such an extension is 
unique when it exists (this can be seen either by the Cauchy-Riemann equations 
or by the Monodromy Theorem). When it exists for z G M we denote it by 
exp — \/— lrX^J° .z, T G St the holomorphic strip extending the Hamiltonian or- 
bit expfX^^.z. 

Definition 2.2. The Moser maps are defined by 

friz) := exp -^rX;;^ .z, t = s + V^t G St- (H) 

Thus, by definition, the Moser maps are the analytic continuation to complex time 
of the Hamiltonian flow of ipQ with respect to the symplectic structure (M, ) . This 
terminology will be justified by the fact that for solutions of the HCMA these maps 
act as Moser maps in the usual sense of symplectic geometry, see (I14p below. 

Definition 2.3. We say that the Cauchy problem is T-good if it is T-Hamiltonian 
analytic and if the Moser map fr is a differentiable map of M for each t £ St- 

2.1. HCMA and invertibility of the Moser maps. We now begin the proof of 
Theorem 11.11 

In this subsection we show one direction, namely, that a solution of the HCMA 
gives rise to smoothly invertible Moser maps in the sense of Definition l2.2i The proof 
can be extracted from the arguments of \25\ H]. For the sake of completeness, we 
present the rather simple argument. 

A function ip on St x M satisfies HCMA if and only if the form tt2Uj + ^/—Iddip 
has a non-trivial kernel. Since this form is of type (1, 1) and, according to nonde- 
generate on M-slices it follows that the kernel defines a one-dimensional integrable 
complex distribution on St x M. It also follows that its leaves are holomorphic 
copies of St inside St x M, and the leaf passing through (0,z), for each z £ M, 
may be parametrized in the form 

{(r, r^(r)) : t e St} C St x M, with T^-.St^ M. (12) 

For each r £ St define the map : M — )• M by 



friz) := r,(r). 



(13) 
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By the transversality condition and the fact that the leaves do not intersect each 
other (follows from uniqueness for ODEs with coefficients — here we used the 
assumption for the second time) it follows that fr is a diffeomorphism. 

It remains to prove that the maps fr are Moser maps in the sense of Definition [221 
Since the strips are constructed by integrating the vector field ^ + ^ in 5^ x M, 
this vector field lies in the kernel of ■K2IJJ + yj—lddip. Therefore, 

=w<^o- (14) 

Now, since 939 ) V^o are invariant under the M-action (r, z) 1— t- (r + ^/—lc, z), c G M, 
uniqueness of smooth solutions implies that so is ipr- The proof of uniqueness is 
postponed to Lemma 12.61 below, however its proof does not rely on the rest of this 
subsection. By abuse of notation we write (ps = '■Pr when no confusion arises, where 

T = S + ^/^t. 

Next, 

^ = °fr = -J^g^, 'Ps° fr, ^ = - Vg^^ fr, fo = id, (15) 

since ^ - Vg'^^cps G ker(7r^w + V-lddip)\, ^ , indeed 



{r,r^{r))^ 

8t ot 

and 

and we use the convention ^ = — -^^-^^ and Y^'^ = — ^^^JY. 
It then follows from (|14p that 

with a symplectomorphism of (Af, cj<^J. Also, from ([16]) and ([T5|) 

V^< = expiX^-. (17) 

We conclude therefore from ([T6]l and ([T5|) that the maps /r defined by ([T3]l satisfy 
(|lip . i.e., for each z G M, induce analytic continuation to the strip of the Hamilton- 
ian orbit exp tX^Jo.z. Hence we have shown both that the Cauchy data is T-good 
and that the Moser maps of Definition 12.21 are and admit inverses for each 
s G [0, T]. This completes the proof of the first half of Theorem ll.il 

We conclude this subsection with some further properties of the Moser maps. 
In view of ([3]), the Moser maps which are relevant to the solution of HCMA are 
the ones with t = 0, and their definition only requires analytic continuation of the 
Hamiltonian fiow of to a rectangle [0,T] x (— e,e). However, such an analytic 

continuation necessarily induces one to the strip St- 

Corollary 2.4. Suppose that /i^/rrj^ = exptX^J^z admits an analytic continuation 
to [0,T] X (— e, e). Then hrziit admits an analytic continuation to St- 
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Indeed, by ()17p . h^_^_^^^^{z) is the orbit of a Hamiltonian flow for fixed s and 
varying t G M. Hence it may be liolomorpliically extended by the group law 

eMh + t2)X;-; iz) = exp t^X;-; (exp ta^^- z). 
Therefore, by ([T6|), one may define fg_^,jzr[t fo'^ •s + \/— G St- 

Remark 2.5. In comparison to this group law for fixed s, f^^^^^ does not satisfy 
a group law in the complex parameter s + \/—lt and thus we cannot conclude that 
the flow has an analytic continuation to a half-plane by the same argument. This 
may be seen from the fact that X'^'^" does not Lie-commute with its image under 
J. Indeed, commutativity fails even for generic Cauchy data in the case of toric 
varieties — see Remark 14. 2 [ 

2.2. Existence of classical solutions for the HCMA. In this subsection we 
continue the proof of Theorem I l.l) and establish the existence of a classical solution 
to the HCMA under our assumptions. 

We now assume that the Cauchy problem for {uj^^,(Pq) is T-good and solve the 
HCMA under the additional assumption of invertibility. 

Lemma 2.6. Let uj^^^ £ and (po £ C^. Assume that the Cauchy problem for 
(w^g, ipo) is T-good, and that for each t £ St the map fr given by ill]) is smoothly 
invertible. Then the HCMA ^ admits a ir^oj-psh solution. 

Proof. Define a C'^ function on St x M by 

^{s + V^t, z) := - ^dljt,^^ Gl^^^ {{fr'Tuj^o - ^^o) (^) 

n 



+ Mz) + ^ [ 

^ J A 



(18) 



M 



where Guj denotes Green's function for the Laplacian = —d o d* — d* o d 

acting on forms. The operator 5*^^^ G^^^^ is a pseudo-differential operator 

of order —2 with smooth coefficients. By our assumptions it then follows that ip is 

We claim that (/? solves the HCMA First, observe that since f^j^i{z) = 
exptA^J°.2: is a symplectomorphism the forumula (jlSp implies that Lp{y/—lt, z) = 
(^(0,2;) = lpq[z). Next, 

1 



Since 



we have 
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and the 5(9-lemma {Oj p. 149] implies that ^ = ^o{z). 

Finahy, applying the 99- lemma again implies that (|14p holds where ipr '■= ^{t, ■ ), 
for all T G St- Since is a diffeomorphism and moreover a smooth homotopy 
to the identity map it follows that Wi^^ is a Kahler metric for each t £ St- In 
particular, (7rJw<^o + ^/^^^(f)'^ / 0. Differentiating ([H ) we find that ^ + ^ 
is a holomorphic vector field in the kernel of tt2^^(, + \/—lddip. It follows that 
(7r2W(po + \/—lddify'^~^^ = on 5r X M, as required. This concludes the proof of 
existence. □ 

2.3. Uniqueness of classical solutions for the HCMA. In this subsection we 
complete the proof of Theorem ll.H and establish the uniqueness of classical solutions 
to the HCMA under our assumptions. 

Before giving the proof let us emphasize some of the subtleties involved. 

First, the uniqueness we establish is essentially equivalent to showing that any 
solution must be M-invariant when the Cauchy data is M-invariant. A subtle point 
is that the HCMA is only equivalent to the geodesic equation under the assumption 
of M-invariance, which is implicit in the arguments of Semmes and Donaldson. In 
general, the HCMA is equivalent to the more complicated WZW equation. Thus, 
the uniqueness proof cannot a priori use the identities we established in ^2.11 for 
M-invariant solutions. We need to derive these identities in the proof, and we do 
so by first establishing short-time uniqueness and then extending this to a global 
statement. 

Thus, if we only wanted to prove uniqueness of M-invariant solutions, the proof 
would simplify considerably. Alternatively, one could have defined the class of ad- 
missible subsolutions to be M-invariant vTgi^-psh functions. It follows from Lemma 
12.71 below that such a restriction would be redundant. 

Second, the proof does not follow directly from the arguments of Bedford-Kalka 
[3j and Bedford-Burns [2,, Proposition 1.1], where uniqueness is proved for a simpler 
situation, namely for the equation {\/—lddu)"^ = on C". Parts of the proof 
are local in nature, essentially the Cauchy-Kowalevskaya theorem on each strip, 
and thus adapt to our setting. However, the relative Kahler potential 7r2W makes 
the situation more complicated since the leafwise equations are now not the fixed 
Laplace equation on St but rather an inhomogeneous Poisson equation that varies 
from strip to strip, and one has to make sure that this equation does not degenerate. 
Thus, we need to invoke a global conservation law type argument that is special for 
our HCMA (g]). 

Lemma 2.7. Let uj^p^^ G C"^ and ipo G C^. Assume that the Cauchy problem for 
(a;<^p, (^o) 'is T-good, and that for each t £ St the map fr given by is smoothly 
invertible. Then any TT2UJ-psh solution of the HCMA ^ is unique, and in par- 
ticular M-invariant. 

Proof. Assume that if, p £ are both vTgW-psh solutions of ([4]). Then the equation 
dll) and the equality of the Cauchy data implies that all the second derivatives 
of <p and p, possibly with the exception of the second s derivative, agree on the 
hypersurface E := {0} x M x M. Now the form tt2UJ + \/—ldd^ restricts to a 
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positive form on S ensuring that g^p is non-degenerate (i.e., S is non-characteristic). 
Also, the Monge-Ampere equation on the initial hypersurface can be rewritten as 



9^1 



(19) 



this was shown by Semmes [25] for all s, assuming if is an M-invariant solution, but 
holds by his argument at {s = 0} without that assumption since dt(p,dfip,dsdtip, 
and dtdz^p vanish on {0} x M x M as the initial data is M-invariant. Note that 
(jl9p expresses the second s derivative of a solution in terms of the other second 
derivatives, all restricted to S. Since we know ipQ is a Kahler potential, it follows 
that if and p agree to second order on S. Thus, ker(7r2W -|- \^—lddip)\j] = ker(7r2W -f 
V—lddp)\Y; along the hypresurface. Thus, by the uniqueness of solutions of first 
order ODEs with coefficients, the leaves of the foliation by strips defined by each 
of the solutions if, p must coincide. Thus the maps defined by (fT2]l and (fT3]l for tp and 
p are identical, and we denote them simply by Tz{t) = friz). By the construction of 
the Monge-Ampere foliation, on each leaf the Kahler form 7r2Ci; -|- \/—ldd<p satisfies 
dS]). We claim that ()15p always holds for s = 0. Recall, that we proved (llSp for all 
s G [0, T], but only under the assumption of R-invariance of the solution. To prove 
this claim, note first 



dr 



-Id 



dip 



since IS 

Thus, |: - Vg;° (^0 G 
l + ^e ker(4a; + , 



dr 
invariant. Similarly, since ipo is 

~ddip)\s= 



[TT2UJ + 



ker(7r2C<J + 



dt 



It 



= V- 15(^0 



invariant, 

dfr 



we conclude that 



when s = 0, 

r^(d-d)ipo. 

Therefore, since also 



ds 



-V 



s=0 



g^oV>0°f^t^ (20) 



as claimed. 

Let be as in (fT2]) and ([TT]) and suppose that Tz{St) / {z}, i.e., that the leaf 
passing through z is not trivial. For each z G M, put := 7*'/', := 7*p, and 
let Uz '■= — '^'z^- First, note that ujz is strictly positive (1, l)-form on St- 



Indeed, write tj. 



-It) 



-Ittzdr A dr 



luj{ dVzl^^, 
dfr{z) 



2azds A dt. Then by 
d 



.dV, 



/-It 



r.iV^t) 



-luj 



dfriz) 



-It 



-1 



4 

^(.^g^o'^o,J^g^^^o) 



df 

^J^g^o'^o^ 
1, 

(^) = 



-It 



-V 



IV 



g<Po'Po\l 



if. 



/-l«>^Vg^^^9io)|/^,(.) 
-ti^)) > 0. 



(21) 
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Since and g are (strictly positive) metrics, vanishes at some \/—lt £ {0} xM c 
St if and only if dipo{f^^{z)) = dipo{z) = (by ([20]) = exptX'^^^ so in 

particular /^^^c^q = V'o)- Thus, if az{\/—lt) = for some t, then az{y/—lt) for all 
t £ M. Now, for fixed z € M and t £ M, equation is an ODE in s for /5+^t(^;). 
If az{V~^t) = 0) then its initial condition is f^^^{z) = z and the initial derivative 
is zero. Thus, in this case friz) = z for all r G St, and the leaf through z is trivial, 
i.e., Tz{St) = {z}. Since we assumed at the beginning of this paragraph that the 
leaf through z was non-trivial, we thus conclude that az\s=o > 0; and by continuity 
also C > az\se[o,3e] > 0; for some C, e > 0. 

Denote the Laplacian associated to coz by A^. Then for each z with a non-trivial 
leaf, the leafwise problem ([5]) restricted to S2e x M is equivalent to the Cauchy 
problem. 



1 + AzOz = 0, on S2e, 

aziV^t) = ipo{Tz{^/^t)) on {0} x 

daz , 



(22) 

w It) = (^o(r.(\/^t) - d(^o(Vg^„(/3o)(r.(\/^t)), on {0} X E. 



The last equation follows from (j20|) . Thus, and solve (p2|) . Hence, since 
= a~"'^Ao, Cz ■= — solves the Cauchy problem for AqG = on S2t with 
zero initial data, where Aq denotes the Euclidean Laplacian on S^t- It is well-known 
that bounded solutions to the Cauchy problem on bounded domains for this classical 
Euclidean equation are unique (cf., e.g., [151 P- 19]). However, we could not find a 
reference that treats our particular situation, namely the non-compact strip as in 
the following Lemma. 

Lemma 2.8. Let u £ C"^ n L°°{St) be a solution of Aqu = on St, with u\s=o = 
a £ C^(M), and du/ds\s=o = b £ C^(M). Then u is unique. 

Proof. Since the equation is linear it suffices to consider the case of zero Cauchy data 
a = 5 = 0, and prove any solution must then vanish. Also, it suffices to consider 
the case T = vr, since if ti is a non-trivial solution of Aqu = on Sj- with a = b = 
then v{s,t) := u{^s, ^t) solves the same equation on 5",^. 
Let P denote the Dirichlet Poisson kernel of the strip Sj^, 

s sins 

P{s,t) = . 23 

cosh t — cos s 

According to a theorem of Widder [291 Theorem 4] , any harmonic function bounded 
below on the strip 5-^ can be expressed as 

u{s, t) -inf u = [Ae*+Be~^] sin s+— [ P{s,a-t)da{a) + — [ P{-K-s,a-t)dl3{a), 

2vr 7k 27r 

(24) 

for some constants vl, > 0, and some (measurable) nondecreasing functions q, (3 : 
R — )• M. Moreover, the integrals converge in the interior of S-,^. Evaluating at s = 
gives, by the continuity of u 



inf u = — lim / P(s, a — t)da{a) 
27r s^o+ 
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Thus —iniudt = da{t). Plugging this back into (|24p. thus 

u{s, t) = [Ae* + 5e"*] sin s + — / P(7r - s, a - t)dl5{a). (25) 

Therefore, 

= l^(O.t) = Ae' + Be-' + J- / . f ^ 
as zTT jjj cosh(a — rj + 1 

Since each of the terms is nonnegative they ah vanish. Hence, A = B = and 
27 /r cosh(a-t)+i ~ ^' ™^ therefore d/3 = 0. Plugging back into (p^ . we conclude 
that = 0, as desired. □ 

It follows that Cz = 62, whenever Tz{St) 7^ {2}. On the other hand, if Tz{St) = 
{z} then (p{t,z) = p{t,z) by using (fT4]) . (fT9l) and that ip{^/^t,z) = p{y/^t, z). 
Since the foliation foliates all of S2e x M, it follows that if = p on that set. Thus, 
we have short-time uniqueness for solutions of the HCMA (j4]). 

In particular, it follows that both ip and p are M-invariant for s S [0,e]. Also, 
(I16p - (]17p hold since again they were derived assuming only M-invariance. Thus, 
(fT9|) extends to a strip: 

yi=\ml, (26) 

on Se X M. Consequently [25113]. 

(Ps° fs = 'Po- (27) 



Indeed, this holds when s = 0, and differentiating in s and using (I15p . (jlGh . (I17p . and 
(p6]) we obtain it must holds for all s G [0, e], where we used that ips is constant along 
its Hamilton orbits (the factor of 1/2 in (I26p can be traced to our normalizations 
and corresponds to switching between the Hermitian and the Riemannian metrics 
associated to uj^, cf. \20\ §2. 1.4.1, §2. 2. 3]). Finally, we can now also apply (I15p which 
was valid for any M-invariant solution, and compute 



az{s + V^t) = -V^u [dVz (-) , dVz (-) ) 



_^,^fr{z) dfriz] 



dr dr 

T 



friz) 



1 1 

= 2'^i^9'^s'Ps,J^9^s'Ps)\uiz) = ^Ng^^^sllifriz)). 

(28) 

Therefore, by (I14p . (I27p . and compactness it follows that if < a\s=o < then there 
exists constants c, C > determined by z and the Cauchy data such that the a priori 
estimate c < ^^(t) < C holds for each r G St for which a solution exists. Thus, we 
can now repeat the argument for the Cauchy problem with M-invariant initial data 
given by ip\{e}xR = p\{e}xR and ip\{e}xR = p\{e}xR, and conclude that in fact ^ 
must hold on St- Thus p = <p. This concludes the proof of Lemma l2. 71 □ 
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Theorem 11.11 now follows by combining ^2.11 and Lemmas 12.61 and 12.71 

As can be seen from the proof, ip is a. smooth solution of the IVP (jj]) if and only 
the Moser maps fs are smoothly invertible and the 'conservation law' (|27p holds. Of 
course, this is a weaker statement than Lemma 12.61 Nevertheless we record it here. 

Corollary 2.9. Let cjj^g G and ipo G C'^. Assume that the Cauchy problem for 
(a;<^Q, ifo) is T-good, and that for each t £ St the map fr given by pi]) is smoothly 
invertible. Then (j26p and (j27p are equivalent. 

We already saw that (j26p implies (j27p . For the converse, note that under the 
assumptions, it follows from Lemma 12.61 that there exists a solution, and that the 
Moser maps determined by the Cauchy data satisfy (fT5]l - (fT7I) : thus differentiating 
(f27|l immediately gives (f26|) . 

In the setting of the HRMA, we will interpret (I27|) in terms of a Hamilton-Jacobi 
equation (Theorem ll.lSp and show that this 'conservation law' persists also for 
certain weak solutions (Proposition 16. 3P . 

3. Ill-posedness of leafwise Cauchy problems 

The goal of this section is to prove Theorem 1 1.51 showing that the Cauchy problem 
for the HCMA is not even locally well-posed. As the proof of Theorem 11.11 shows . 
the leaves of the Monge- Ampere foliation are obtained as the analytic continuation 
of the Hamiltonian flow of (wi^q, (/9o)- The Monge-Ampere distribution picks out 
as the M-component the Hamiltonian vector field associated to (u}^g,ipo) and not 
an arbitrary multiple of it precisely because the S'T-component of the distribution 
is d/dr. In other words, the leaves (strips) of the foliation are graphs (of maps 
St ^ St X M) of (complex) time-parametrized Hamiltonian flow of (wi^jp^jo)- As 
we will show, this puts a serious restriction on the Cauchy data. 

So far, we have operated under the assumption that we have T-good Cauchy data 
(Definitions 12.11 and 12. Sp . Yet the analytic continuation of each Hamiltonian orbit 
should be an ill-posed problem. The closely related problem of solving the leafwise 
Cauchy problem for the equation ([5]) should also ill-posed, and the goal of this section 
is to give a proof of this latter ill-posedness. The latter problem seems simpler than 
the former since it is a linear problem for a function on a strip rather than a Cauchy 
problem for a holomorphic map into a nonlinear space. Hence we concentrate on the 
leafwise problem here. However, it is natural also to linearize the nonlinear problem 
(cf. [5]) and prove ill-posedness for the existence of T-Hamiltonian analytic data. 
We pursue this approach in a sequel. 

As above, we suppose that we are given (a;<^(,,(^o) for which the orbit exptX^'^'^ 
admits an analytic continuation to the strip St- Let jz be as in Definition [T31 Then 
Oz = 7*(/' satisfies ([22]) . Since T*u; has a global potential on St, we may also 
write the equation in terms of the Euclidean Laplacian Aq as 

Aox = 0, where x = {^z + olz). (29) 

However, ^z is not unique since the addition of any harmonic function on the strip 
gives another potential. In the case where the image of the complex Hamiltonian 
orbit T z (|12l) lies in an open set [/ C M in which uj has a potential $0i we have 
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$2 = r*<I>o- III general, the closure of the image of Tz{V~U) lies in the level 
set {ipQ = ipQ{z)}. We will see that toric varieties always satisfy these conditions. 
However, simple examples (e.g., elliptic curves) show that there need not exist a 
potential for co defined in a neighborhood of the orbit. The following lemma shows 
that one may find a reasonable replacement for that, on each leaf separately. The 
growth estimate we derive here is not optimal, but suffices for our purposes. 

Lemma 3.1. Let ip be a smooth solution to the HCMA dH). There exists a global 
Kdhler potential for T*ijJ on St with polynomial growth at infinity. 

Proof. The claim would be obvious if there exists a potential for a; on a neighborhood 
of the image of Tz{St), but as mentioned earlier such a potential need not exist. 
Instead, we will find suitable Kahler potentials along each leaf. 

As before, denote lOz = — "^CLzds A dt. As shown in the proof of Lemma [221 

> if and only if the leaf through z is non-trivial, i.e., Tz{St) {z}, which we 
assume throughout this section. Thus, by compactness, there exist some constants 
c,C > (depending on z) such that < c < az{s,t) < C on St- For convenience, 
in this section we omit the subscript and denote a = a^. 

We wish to find $2 G C°^{St) of polynomial growth so that Aq^z = ci, i.e., 
^/^^^^z = T^TTgo;. Throughout this proof d = dr. 

We rewrite the Poisson equation above as 

d{V^d<^z) = -2ads A dt (30) 

and use existence theorems for the inhomogeneous (9-equation on the strip. Intro- 
duce the subharmonic weight ip = log(l + |rp) and observe that 

ads A dt G L^^ i){St, ip) 

where L^-^ ^^-^(5'^,^) is the space of (1, 1) forms a{s,t)ds A dt so that 

e~'^\a\'^ds A dt < 00. 



' St 

By Hormander's weighted existence theorem for the (9-equation [13', Theorem 
4.4.2], there exists u G L^^ i){St) such that du = —2ads A dt and 

/ |up(l + |rp)-3ds A(it < 4 /" lape-'^ds Adt. 
J St St 

Applying the same theorem to d^z = u with = 31og(l + |rp), we then obtain 
a solution ^z of \/—ldd^ = 2ads A dt satisfying 

/ |$2p(l + |r|2)-5(is(ii < 00. (31) 
J St 

We now show that this estimate implies the polynomial growth of ^z- Note 
that ds^z and dt^z satisfy a Poisson equation on St satisfying the same estimates. 
Indeed, by (fT5]) (and the assumption of existence of a smooth solution) under Tz 
these vector fields push- forward to the Hamilton vector fields for ips, respectively J 
of these fields. Hence the Lie derivative with respect to these fields of a; are bounded 
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and we can use them as the right hand side in place of ads A dt above and repeat 
the argument to get the estimate (|3ip for these derivatives and for repeated mixed 
derivatives. 

By the Sobolev inequahty sup5j, < C /^^ |(1 — Ao)f\'^dsdt for a strip, we have 

SUp$2(i ^ |^|2)-5 < ^ /" _ Ao)($,(l + |r|2)-5/2)|2^s A dt. 

St J St 

It is straightforward to check that the integral is finite: this follows from the weighted 
estimates for and Aq^z-, and the fact that derivatives of (1 + iTp)"*" for r > 
decay more rapidly with each derivative. It follows that 

\^z\ <C(1 + |t|2)5/2 (32) 

□ 

Remark 3.2. In the proof of Theorem 1 1.5 1 we will be able to specialize to a situation 
where is actually of the form However, Lemma [3. II is needed to derive the 

general obstruction in Proposition 13.31 below that holds for all z E M. 

The obstruction to solvability of ()22p . and hence to the existence of a leafwise 
subsolution (and in particular to the existence of a solution of the HCMA), is 
summarized in the following propostion. 

Proposition 3.3. Let ip be a solution to the HCMA (|3|), and z e M. Let 

D = :^7^^ on R, and set 

do/. 

qz{t) ■■= -Q^i^t) = M^ziV^t) - dipo(yg^,^o)i^z{V^t)), 
Pz{t) := -ds^z{0,t) - DcotliTD{<^,+jtVo){0,t), 
where $2 is given by Lemma \3.1\ Then, 

Thus, Qz—Pz admits an analytic continuation to the interior o/St^St = [— T, T]xIR. 
Henceforth we denote by PWt(R) the Paley- Wiener space 

PWrm := {/ G L\R) : |/(e)| = o(e-^l«l)}. (33) 
Our convention for the Fourier transform is 

Hfm ^ KO ■■= [ e-^^'^f{t)dt. 

It is well-known that if / G PWt(R), then / is the restriction to M of a holomorphic 
function on any two-sided strip SbD Sb = [—b, 6] x M with b <T |27| p. 121]. 

Proof. Despite the lack of uniqueness of it seems simpler to work with the equa- 
tion ()29p rather than A^q = — 1 since the Euclidean equation is simpler and it 
too has real analytic coefficients. We then wish to represent the solution Xz as a 
Poisson integral in terms of its boundary values on OSt- We first assume T = tt. 
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We recall the following theorem of Widder \29\ Theorem 3]: If u{s,t) is (i) con- 
tinuous on S'tt and harmonic on its interior; (ii) satisfies the bounds u(0, t)e~l*l G 
Li(R), 'u(7r,t)e-l*l G L'^{R) and £ \u{s,t)\ds = o(el*l), then 

u{s,t) = —— I P{s,a — t)u{0,a)da + — [ P{7r — s,a — t)u{Tr,a)da, (34) 



where P is defined by 

The assumptions for Widder's theorem are satisfied when 

u = x = az + ^z, 

with ^z the potential constructed in Lemma 13.11 Indeed, then x has polynomial 
growth at infinity on St [olz itself is a bounded continuous function). Consequently, 
()34p is valid when u = x- 

We next consider the implications of this equation for Qz- As in [30j, it simplifies 
the notation to put 

1 COS^S ^ryf^ ^ 

^^^'^^ " 4coshft + sinf " 4 V 2"" ^ 2 ' 2* 

on the strip s £ (-1, l),t G M. One has [30, (5)] 

^/ X 1 /" /~r^o sinh(l — s)a , / - ,n 

ivr jjj smh 2a 

Then, 

3,i)= / Q{s,a — t)u{—l,a)da + / Q(— s, a — t)n(l, a)da 

rTiaSmh(l - s)a /" /3TtaSmh(l + s)o 



us. 



gV-ita ^ ^_uti^a)da+ / e^-"" ^ ^u(l,a)da. 

smh 2a smh 2a 

(35) 

Note that this formula holds even when u(ibl, • ) is of polynomial growth. Then 
?i(ibl, • ) is a temperate distribution while '^'°^p^Ta^° ^ Schwartz function for s £ 
(—1, 1), and so the second equality holds by the definition of the Fourier transform 
of a temperate distribution [141 Definition 7.1.9]. 

By a change of variable, for the strip {s,t) G [0,T] x M and for AqX = with 
boundary values x(0, • ) and x{T, • ) we obtain, 

smh Ta smh Ta 

Thus, 

d,x(0,t) = - / e^*''acothrax(0,a)da+ / e"^^" — ^—x(T,a)da. 
Ju Jr smh Ta 



Note that differentiation at the boundary is allowed since we can consider ()35[) as 
a distributional equation in t with parameter s, and so one can pair (I35p with any 
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Schwartz function of t and then differentiate in s. Thus, 

<!,(() = -8,$.{0,() - DcothrD,Y(0, ■ ) + — ■ ) 

where D = -^^-^ on M. Inverting, qz must he in the domain of the operator 

At,z : S' ^ S' given by 

^ sinhTD , , f ,.„sinhra , . , . , 

At,z-u^ {u-pz)= / e""' (u-pz){a)da. 

Here S' denotes temperate distributions on M. By our earher estimates x(^) " ) is 
continuous and of at most polynomial growth, hence belongs to S' . Thus it follows 
that one has {qz — Pz){0 = o(e~"^l^l), since these are the Fourier coefficients of 
X(T, •)• 

In particular qz — Pz £ -^^(1^); so qz — Pz £ -PWt(M). By a Paley-Wiener type 
theorem [27\ p. 121] it follows that qz — Pz admits an analytic continuation 

iqz-Pz)is + V^t) := / e^^+v^*)-^— ^x(r,a)da (36) 

smh Ta 

to the interior of a two-sided strip of width 2T. □ 

As mentioned in the Introduction, the Paley-Wiener condition on qz may be 
viewed as characterizing the range of a Dirichlet-to-Neumann map. These leafwise 
Dirichlet-to-Neumann maps are induced by the global Dirichlet-to-Neumann map 
for the HCMA, defined by 

M'^{ipo,ipT) = ^Po (37) 
from the endpoint (pT at time T of the geodesic arc from ipo to (pT to the initial 
velocity ipQ of the geodesic. 

3.1. Lifespan of generic Cauchy data. We now complete the proof of Theo- 
rem [T3J 

Assume that the Cauchy problem for with Cauchy data {ipo, (po) admits a 
solution ip. For simplicity, we take the reference Kahler metric to be a;,^Q and then 
the initial relative Kahler potential becomes zero. Then (j22p reduces to 

1 -I- AzUz = 0, on St, 

aziV^t) = on {0} X M, ^^^-^ 
^-{\r^t) = ipa{z) on on {0} x M. 



ds 

The last line follows since 0o is constant along its Hamiltonian flow orbits. It follows 
that qz is a constant, and therefore Proposition 13.31 implies that 

Pz = {-ds-AT)^z\s=o^PWTm (39) 

where 

At := DcothTD. 
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Note that At is an approximation (with respect to T) to the Dirichlet-to-Neumann 
operator for the half-plane, which is the operator 

\D\f{t) = [ e^'-\a\f{a)da. 

JR 

We further observe that, at least for some z, is the pullback of a Kahler 
potential defined in a neighborhood of Tz{St)- Indeed, let zq be a non-degenerate 
maximum point of ^po (one always exists for a generic (po, which as far as proving 
Theorem 11.51 we may assume is the case), so that the orbit of zq is {^^o} and find 
a potential in a neighborhood of zq. If z is sufficiently close to zq then the orbit 
of z under the Hamilton flow of ipo is non-trivial and is contained in the level set 
{ipQ = ipo^z)} C M, which is close to {zq} (by the Morse theorem). Moreover, this 
Hamilton orbit is contractible in M to zq. By (|15p -( fT7|) the slices r^({s} x M) are 
all homotopic to the this initial Hamilton orbit. Hence, Tz{St) itself is contractible 
to Zq. Since uj has a local Kahler potential on any contractible neighborhood of zq 
in M, the conclusion follows. 

Assume from now on that 

= r^cDo, (40) 

where is a smooth function defined on some neighborhood of Tz{St) in M. For 
simplicity of notation, put 

Let V denote the gradient with respect to the associated metric g^^^. Then 

ds^z\s=0 = T*JXh^o\s=o- 
By (jlSp and (j40p . the conclusion of Proposition 13.31 can be rewritten as 

T*JXh^q + AtT*^o = r*d^o{VH) + ATr*^o e PWt{R). (41) 

We now study this equation under particular deformations of the Cauchy data. 
We denote by 

Ct,z = {{ipo,'Po,z) G C^{M) X C^{M) X M : {ipo,ipo) is T-good and ([39]) holds}. 

We claim that for z near a maximum point (as above), the complement of Ct,z in 
C^{M) X C'^(M) X M is dense. By assumption {0,ipQ,z) G Ct.z- We fix such a z 
for the rest of the argument. We may, and do, choose z so that in addition it is a 
regular point for H. Our first goal is to find a perturbation of ipo with the property 
that the orbit Tz^^/—!^) is unchanged. 

Let hhe a function on M, and set for each e > 0, 

H, ■= H + e{H - H{z))h, 

Vz:={w^M : H,{w) = H,{z))}. 

Note that Vz indeed is independent of e > 0; by assumption z G M is a regular point 
for H so that is a (real) hypersurface. Also, 

Xh. := = (1 + eh)XH along Vz. 
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Denote t^{t) := T^{^/^t). Then define 

tlit) ■.= exptXHSz) = ^z{9e{t)), 
since r2(\/— IM) C V^, where (7^ : R — t- M is a diffeomorphism defined by 

g'eit) := j^g,{t) = l + eho f,(t), 5,(0) = 0. 

Thus, 

ge{t) = t + e / hoTz{a)da. 
Jo 

To derive a contradiction, we assume that there exists some eo > for 
{(0, -fff, 2;)}^g[o,eo] Ct,z- In particular, by (HH), for sufficiently small e > 0, 

{tiyd<^o{VH,) + AT{tiy<i>o G pwrim- 

Thus, 



d 

Te 



e=0 



Note that 
Also 

where by (l43l) 

Set also, 
Then 
First, 

d 
Te 

Second, 



di>„{VH,)\v, = (1 + £A)<i*„(VH)| 



hz{t) = / hoTz{a)da. 



hz = T*h. 



e=0 



{tiyd<S>o{VH,) = hz{ttdM^H)))' + hzttd^oiVH). 



d 



e=0 dt 



Combining ([l5]), ([MD and ([50]), we get that 



d. 



hz{Ttd<Po{^H))y + hzT^dM^H) + Arikz-Tt^o) G PVFr(M), 

for all nonnegative functions h G C°°{M) for which (0,-ffe,z) G Ct,z- 
In this formula, 

a, := f :$o, := f Jd^-olVi/) 
are two fixed functions on M satisfying (by (|44p ) 

6^ + Ara^ G PVFtW- 
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By psj) . rewrite equation (jSTj) as 

Kb'z + kbz + Arikza',) = {Kb^)' + AriKa!,) £ PWt(M). (54) 



Our goal is now to show that (|54p is impossible for a dense set of h. We denote by 
Hilb : 5' — )• 5' the Hilbert transform, defined by 

(Hilb/)(t) = - / x/^sign(Oe^*«/(Ode 

JR 

Lemma 3.4. Let be given by (gT]). Then ^/^h^bz + h^a'^ = 2hj:*d^Q{XH) 
admits a holomorphic extension to St- 



Proof. By dH 

Now, cothT^ - sign(e) = 0(e-2^l«). Since < G L°°(M) and /ijt G L°°(M), this 
implies 

& + esign(e) ft = o(e-^l«l), 

or - \/^sign(^) /Col = o(e-^l^l), i.e., /i^b^ + Hilb(/i^4) G PWt. Since by 
definition Hilb maps PWt to itself, we also have Iii\h{hzbz) — hza'^ G PWt- Multiply 
the former equation by \/— T and add it to the latter to obtain 

(I - ^/^mlh){^/^hzbz - hzo',) G PWt, 

and by conjugation (/ + ^/-lRllh){^/^hzbz + hza'J G PWt- Since / + ^^Hilb 
is twice the orthogonal projection operator onto the positive frequency space, it 
follows that 

J^iV^hzbz + hza',){0 = o(e~^«), for ah ^ > 0. 

By the proof of [27t Theorem 3.1] it follows that \/—lhzbz + /i^a^ admits a holo- 
morphic extension to the one-sided strip St- The lemma now follows from (llSp and 
and d-^oiXn + V^.JXh) = 2(i$o(^H^) = 29$o(^i/)- □ 



Lemma 3.5. There exist a < /3 G M and e G (0, T] all independent of T (but 
depending on z) such that hz, given by (j47|) . admits a holomorphic extension to the 
two-sided rectangle [— e, e] x [a, 13] C St^St- In particular, T*h is real-analytic on 
[a,f3]. 



Proof. First, observe that (j54l) is true for the constant function h = 1 on M: then 
(0, (1 -|- e)ipo, z) G Ct'^z for all e G [0, eo], for some T' < T. In fact, there exists then 
a solution to the HCMA ([4j) for some T' < T by reparametrizing ip in the s variable, 
and T' — 7- T as eo — )• 0. This proves the claim. 

Lemma 13.41 implies that hz{-\f—lbz + a'^), respectively hz{—\/—lbz + a^), admits 
a holomorphic extension to St, respectively, St- When h = 1, then /i^ = 1 and 
hzit) = t, on M. Thus, by the previous paragraph, these estimates hold for hz = t. 
Hence, y/^bz+a'^, respectively —\/—lbz+a'z, admits a holomorphic extension to St, 
respectively, St- By dividing, and since hz is real, it follows by the Schwarz reflection 
principle that hz admits a holomorphic extension to some rectangle [— e, e] x [a, f3] C 
St whenever \/—lbz -\- a'^ does not vanish on [a, /3] (here we also used the fact that 



24 



Y.A. RUBINSTEIN AND S. ZELDITCH 



zeros of holomorphic functions cannot have an accumulation point). In particular, 
hz is real analytic on M \ Wz, where 

VF, := {t e M : < = T*,XHM^t) = d^oiXn) o Tz{^t) = 0}. 

The proof is complete if M \ Wz contains an open interval. Since Wz is closed it 
thus suffices to rule out the case where Wz = M, i.e., a'z = 0, and hence = 0, on M. 
If this holds for every point in a neigborhood of z then $0 must be a function of H on 
some neighborhood of z in M. Clearly, this is a non-generic property and perturbing 
either H or adding to ^>o the real part of a generic local holomorphic function (this 
does not require changing w^q) will destroy this property. Thus, hz must be real- 
analytic at least on some open interval on M, and by (j47p and differentiation so 
is r*/i. Now, let [a, /?] C M \ Wz be any nonempty interval, and note that Wz is 
independent of T. □ 

We now complete the proof of Theorem 11.51 

By taking 13 — a sufficiently small we may assume that Tz ■ [a, /3] — )• Af is an 
embedded curve. Consider the map : C^{M) — )• C^([a, /3]) defined by Rzf := 
Observe that Rz is a bounded surjective linear operator. Hence, it defines 
an open map. Let B be any open ball in C^{M) containing the zero function 0. 
If for some T > 0, {{ipo,ipQ + f,z) : / G B} C Ct,z then Lemma [331 implies that 
Rz{B) is contained in the subset of real-analytic functions in C'^([a,/3]), with [a,/3] 
independent of T > 0. However, the latter is not an open subset in C^{[a,l3]). This 
concludes the proof of Theorem 11.51 

4. The smooth lifespan of the HRMA 

In this section we restrict to toric manifolds and prove Proposition II .91 concerning 
the analytic continuation of orbits of Hamiltonian orbits and the invertibility of the 
associated Moser maps. The first part, concerning the infinite analytic continuation 
of the Hamiltonian flow defined by the Cauchy data, is proved in Lemma I4.1[ The 
second part, concerning the invertibility of the Moser maps, is proved in Lemma 

4.1. Some background on toric Kahler manifolds. We briefly recall some 
background facts on toric Kahler manifolds. For more detailled background we 
refer to [20\ [2T] and references therein. 

A symplectic toric manifold is a compact closed Kahler manifold (M, w) whose 
automorphism group contains a complex torus (C*)*^ whose action on a generic 
point is isomorphic to (C*)", and for which the real torus (S*^)" C (C*)" acts in a 
Hamiltonian fashion by isometries. 

We will work with coordinates on the open dense orbit of the complex torus given 
by z, = = 1, . . . , n, with {x,e) = ixi,...,xn,ei,..., On) G M" X {S^Y. 

Let Mo = (C*)" be the open orbit of the complex torus in M and write 

^\m^ = V^ddipoj. (55) 

We call tpui the open-orbit Kahler potential of io. The real torus (5^)" C (C*)" acts 
in a Hamiltonian fashion with respect to u. The image of the moment map Vip^ 
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is a convex Delzant polytope P C and depends only on [uj] (note that to only 
determines P up to translation; we fix a strictly convex -0^ satisfying (j55p to fix P). 
We further assume that this is a lattice polytope. Being a lattice Delzant polytope 
means that: (i) at each vertex meet exactly n edges, (ii) each edge is contained in 
the set of points {p + tupj : t > 0} with p G Z" a vertex, Upj G Z" and 

span{np,i, . . . ,iip,„} = Z". (56) 

Equivalently, there exist outward pointing normal vectors {vj}j^i C 1^^ that are 
primitive (i.e., their components have no common factor) to the d facets in dP and 
P may be written as 

P = {y G : l,{y) := {y, v,) - A,- < 0, j = 1, . . . , d}, (57) 

with \j = {p,Vj) G Z with p any vertex on the j-th. facet, and y the coordinate on 

Given a toric metric o;,^ its corresponding open-orbit Kahler potential -0 is a 
strictly convex function on M" in logarithmic coordinates. Therefore its gradient 
Vip is one-to-one onto P = ImV-i/'- Its Legendre dual u := ■0*) called the symplectic 
potential, is a strictly convex function on P. Recall the following formulas that will 
be used throughout 

{Vi^)-\y) = Vu{y), (58) 
(VV)-'l(v^)-ife) = V^nly, (59) 

and if r]{s) is a one-parameter family of Kahler potentials and u{s) := r]{s)* the 
corresponding symplectic potentials then 

?)(s) = -n(s) o Vr/(s). (60) 

The proofs of these identities, assuming at least regularity, can be found in [20\ 
pp. 84-87]. 

4.2. Complexifying Hamiltonian flows on toric manifolds. First we establish 
the following result regarding the existence of analytic continuations for the Hamil- 
tonian orbits. It shows that on a toric manifold any smooth Cauchy data is good, 
and moreover gives an explicit expression for the associated Moser maps. 

Lemma 4.1. Let (M, J,u}) be a toric Kahler manifold. Given a toric Kahler potential 
ifQ let tpQ he a smooth strictly convex function on such that over the open orbit 
^ifo ~ V~^dd'ipo, and let ipo be a smooth torus-invariant function on M . For 
every z G Mo, the orbit of the Hamiltonian vector field admits an analytic 

continuation to the strip Sqo. Moreover, it is given explicitly by 

friz) = exp -^/^tX;^7 :z^z- r(VVo)~'V,<^o, t € S^o- (61) 

This expression remains valid on the divisor at infinity if we restrict to the orbit 
coordinates x on a slice containing z. 

Here (and in similar expressions below) by (V^0o)~^Va;99o we mean the usual 
matrix multiplication of the matrix {V'^^^~^(x) and the vector Vx<^o(2;)- 
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Proof. The moment coordinates y on the polytope P and the angular coordinates 
on the regular orbits are action-angle coordinates for the (S^)^ Hamiltonian action 
on (M, Cli^q), in other words 

n 

(VV'o)*a;^o = Yl ^ ^^J' \ ^ (^^)"- (62) 

The Hamiltonian vector field of (po is given in these coordinates by 

(VVo).x;;:°=-X:^((VV^or^(y))J-, (63) 

j=i J 

Therefore the Hamiltonian flow of X*^*^" is given, in terms of the moment coordinates, 

by 

VV'ooexptX;;j°o(VV'o)-'.(y,^) = {y,e-tVy^^o{Vi,^)-^), over {P\dP) x {S^Y, 

(64) 

and in terms of the coordinates on Mo by 

exptx;;7.(x,e) = (x,0 - t(V2V;o)-^V,.9io). 

It therefore admits a holomorphic extension to a map exp -v/^^rX^J" , r = s + -v/~l*j 
given in these coordinates by (using (f58l) - (i59l) ) 

exp - V^rXj7 .(x, e) = {x- s(VVo)-'V,vio , e - t{V'i;o)-'^ .Vo), 

For each z G Mq, this is a holomorphic map of into Mq C M since in terms of 
the complex coordinates Zj := Xj + \/—19j it is given by an affine map 

It remains to consider orbits of points z G M\Mo (for these points Equation (j65p 
is not valid), and this essentially amounts to some toric bookkeeping. Let F C dP 
be a codimension k face of P cut out by the equations (see ([57|) 1 

F := {y G : (y, r;,,) = i = 1, . . . , fc}, (66) 

and assume that z corresponds to a point in the interior of F. More precisely, assume 
that for a sequence of points {zi} C Mo converging to z the points V'0o(-2i) con- 
verge to a point in the interior of F. On points in M that correspond to points 
in P \ dF the stabilizer of the ((S'^)"-action action is fc-dimensional. In other 
words, when restricted to F \ dF, the vector fields . . . , span an (n — /c)- 
dimensional distribution. Without loss of generality we may assume that in (166p 
we have {jj, • • • , Jfc} = {1, . . . , A;} (otherwise rename the labels). Let p G dF be a 
vertex and let Up^i, . . . ,Up^n be the vector defining the edges emanating from p, as 
in ([56]) . Without loss of generality assume the vectors Up^i, . . . ,Up^n-k span F. On 
F\dF the vectors {fi, . . . , ffc, • • • , Up,n-fc} span M" and one may find n — k unit 
vectors Up^i, . . . , Up,n-k such that {vi, . . . ,Vk, Mp,i, . . . , Mp.n-fe} form an orthonormal 
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basis. Let U denote the orthogonal matrix obtained from these n column vectors. 
Let y := yU and 9 := 9U. Then in these coordinates (|62p becomes 



The advantage of this formula is that it specializes to the following formula when 
restricted to F \ dF: 

n 

^v>o\iF\aF)x{s^)"-k = Y dyjAdOj. (68) 
j=k+i 

Hence, in these coordinates the Hamiltonian flow of (po is given by 

{y, 0) ^ {yji,. . . , 9k, 9k+i + tVy^^jMo, ■■■,9n + tVy^iio). 

In order to describe the complexification of this map in M, we use local holomorphic 
slice-orbit coordinates (z', z") G C'^x (C*)""'' (see, e.g., [26j) that can be described as 
follows. The stabiHzer of (C*)" at z is (C*)^. The tangent space TzM decomposes to 
the tangent space to the orbit of z, Tz{{C*)"-~^ .z), and its normal (^^((C*)""''.^))-^. 
Intersecting each of these spaces with the unit ball in T^M we therefore obtain 
local holomorphic coordinates {z' , z") G x (C*)""'^. The coordinates z' are called 
the slice coordinates, while the z" are called the orbit coordinates. We may write 
Zj = Xj/2 + \/^^9j, j = + . . . ,n, with Xj = Vuo{yj). On F\dF the matrix VyU 
is of rank n — k with the bottom {n — k)x (n—k) block an invertible matrix. The same 
reasoning as before now shows that we have a formula analogous to (j65p where we 
replace (Vl'ip)''^ by that block of V?n, and Vx^o by (Vi^^^^^io, . . . , Vj^^o)- Once 
again we see that the resulting maps extend to the strip ^oo, and this concludes the 
proof of the Lemma. □ 

Remark 4.2. As the Lemma shows, the Hamiltonian orbits admit an analytic 
continuation to the whole upper half plane. In relation to Remark 12. 5^ we point 
out that nevertheless the Moser maps do not generically obey a group law in the 
holomorphic variable r. To see this, change variables to the action-angle variables 
{y,9). Since y = y{x), = -E.ff 4 and JX%-<^ = -E.ff afj a 

slight abuse of notation as compared to ([B3|) ). Then 

[^H ^-J^H \- 2^dhdxkdijd9y 

vanishing only if the matrix (^ g^k^i ^ ^ kernel, which is generically false. 

4.3. Moser flows on toric manifolds. Having derived an explicit expression for 
the analytic continuations of the Hamiltonian orbits for all imaginary time, we now 
turn to investigate the invertibility of the resulting Moser maps. 

Lemma 4.3. Let (M, J, to) be a toric Kdhler manifold. Given a toric Kdhler potential 
ifQ let ipQ be a smooth strictly convex function on R" such that over the open orbit 
WiziQ = \/—l^^^pQ, and let tpo be a smooth torus-invariant function on M . The Moser 
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maps fs{z) = exp — -v/— lsX^J° .z defined by Lemma \4-l\ o-fe smoothly invertible if 
and only if 

s < T^p^^ := sup { a > : V'o - ^,'^0 ° (VV'o)""^ is convex}. (69) 

Note that the formula for T^p^^ is well-defined independently of the choice of the 
open-orbit Kahler potential tpQ for w^g. 

Proof. From the proof of Lemma l4.ll (cf. (|65p ) we have the following formula for the 
Moser maps, restricted to the open orbit, 

fs{z) = z- s(VVo)"^V^.(^o, reSoo,zGMo, (70) 

or in terms of the moment coordinates 

fs{Vuo{y)) = VyUo{y) + sVyiio, seR+,yeP\dP. (71) 

Since V^^ = VyUQ.Vx, applying the gradient with respect to y to this equation we 
obtain 

V\o(y).V:,./,(Vuo(y)) = v2(no + siio). 

Since V^uq is invertible for y £ P\ dP, it follows that the gradient of fs is invertible 
at z G Mo if and only if uq + suq is strictly convex on P \ dP. The analysis for 
z £ M \ Mq is similar, following the technicalities outlined in the proof of Lemma 
14.11 Since by definition uq = V'o using ([58|) we obtain (f69|) . □ 

This concludes the proof of Proposition 11.91 

5. Leafwise subsolutions for HRMA 

The toric setting is special in that first the Moser maps exist for all s > 0, and 
second that u admits a Kahler potential on the whole open orbit Mq. As in the 
discussion below (j22l) . the Cauchy problem takes the following form: 

Axz = 0, on 5*00, 

Xz{\^t) = ^JjQO f^^{z), on dSoo, (-72) 

dXz 



^^-(v^i) = 920 o f^ti^) - ^g^o^oi'fpo) ° f^ti^), on dSoo- 

We now turn to proving that the HRMA ([6]) admits a unique leafwise subsolution. 

Proof of Proposition \1.H\ First, we record some useful formulas for the Moser maps 
on a toric manifold. They follow from the proof of Lemma 14.11 by substituting 
y = VtpQ in ([71]) and using ([58]) . 

Lemma 5.1. Let tpg he a smooth solution of the HRMA and let fs denote the 
associated Moser diffeomorphisms given by Lemma \4.1\ Then on the open-orbit, 

f;' = (ViJo)-^ o ViJs = Vno o (Vn,)-i, s G [0, T,<p™ ), (73) 

and if we let Us{y) = UQ{y) + suo{y), then 

f^ = o (Vno)~\ all s > 0. (74) 

These expressions remain valid globally on M if we use the Euclidean gradient in 
the orbit coordinates x along each slice. 
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Observe that (|73p and ()74p are in agreement with Proposition 11.91 (i).(ii). respec- 
tively. 

Next, we show that each of the Cauchy problems ()72p admits a unique global 
smooth solution. In the toric setting the harmonic extension to the generalized 
leaves of the foliation is especially simple since the initial conditions are constant 
on the boundary of the strip. In particular, the harmonic functions must be linear 
along the leaves of the foliation. 

Lemma 5.2. For every z £ Mq the Cauchy problem for the Laplace equation ()72p 
admits a unique smooth solution, given by 

Xz{r) ■■= {Vipo{z), V{uo + silo) o VV'o(^)) - (-"0 + s-^o) ° "^i^oiz)- (75) 

Proof. Note first that uniqueness holds for the Cauchy problem for the Laplace 
equation on a half-plane (this can be obtained from a suitable generalization of 
Lemma 12.81 to the case T = oo). We claim that a solution to (j72p is given by (j75p . 
First, Xz is linear in s and independent of t, hence harmonic. Moreover, by (j58p . 

XziV^t) = {V^I)o{z),Vuo oVipo{z)) -uooVi^oiz) = Uq{z) = Vo(^), 

and by §9!) and §0i), 

dXz 



-iV-lt) = (VVo(2), Vuo o ^Mz)) - uo o VMz) 



ds 

= (VV'o(2), -VVo-Vv9o> + ^o{z) (76) 
= -ffvo(Wo(2;), V^io) + ipo{z) 
= g^o'^o{'^Q){z) + ipq{z). 

Finally, observe that in ([72]) one may eliminate f^/^t since the data (^O)V'o) is 
(5*1)". invariant. Thus, Xz satisfies the initial conditions. □ 

Remark 5.3. To see how this Lemma fits in with Proposition 13.31 note that = 
itii'o-'Po)- Thus, ^^(t) = -ds^z = d{'tpo + ipo){Vg^^ipo){Tz{V^t)), and qz-pz = 
ipo{T z{y/—Tt)) — dtpQ(S/g^^ipo){rz{y/—Tt)) is a constant (depending on z), and so 
naturally admits an analytic continuation to a whole half-plane. 

We now turn to proving that the Cauchy problem admits a unique leafwise sub- 
solution, equal precisely to the Legendre transform potential ipi given by ([8]). Note 
that we use interchangeably z and x = log \z\'^, as tp^ is independent of 9. 

To show that ([8|) defines a leafwise subsolution on the open orbit it suffices to 
show that for every z G Mq the function F*ipL solves the Cauchy problem (j72p . 
Now, 

V'l(s, z) = n*(2;) = sup[(y, x) - Us{y)], 

ydP 

with the supremum achieved in at least one point y that is contained in the set 
{Vus)~'^{z). It then follows from ([74]) and ^ that = < o friz) = Xz{s + 

^/—lt), and thus by Lemma 15.21 ibr. defines a leafwise subsolution. This proves the 
existence part of Proposition II . Ill (i). 
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To prove the existence part of Proposition 1 1 . 1 11 (ii), it suffices to note that every 
leafwise subsolution for the HRMA Q on the open orbit gives rise to a global 
leafwise subsolution for the HCMA dH) by letting 

ip{s + V^t, z) = IpLis, z) - Ipoiz). 

This can be seen as follows. Note first that according to Lemma l4.ll the maps 
are smooth. Second, note that according to our description of the Moser maps in 
orbit coordinates, it follows that preserves the interior of each codimension k 
toric subvariety of the divisor at infinity D. And so, given z £ D = M \ Mo, the 
condition F*{'K2(jj + yf—ldd^p) is equivalent to a Cauchy problem for the Laplace 
equation, where we now let be the open toric variety obtained as the interior of 
the codimension k toric subvariety containing z. This Cauchy problem then admits 
a unique smooth global solution, by working in orbit coordinates, as in Lemma |4.1[ 
And since, as already noted, preserves A^, the harmonicity of F*{tpjs[ + (p) implies 
that F*['K20J + yj—ldd'^) = on A^, where here V'TV is a local Kahler potential for 
w on A^. 

Finally, we prove the uniqueness of the leafwise subsolution just constructed. Let 
ri{T,z) be another leafwise subsolution. It will suffice to prove that ry = ipL on the 
product of 5oo and the open-orbit Mq. Observe that by ([71]) . ([75]) . and the fact that 
VipQ : M*^ — )• P \ dP is an isomorphism we have 

r]{T,Vus{y)) = {y,Vus{y)) -Usiy). 

for every y £ P \ dP and r G 5oo. Since ^pL satisfies the same equation and by [22l 
Lemma 7.1] ImV Us\p\qp = ImVno| p\ap = M" it follows that r] = ipi. □ 

Remark 5.4. As a by-product, Propositions 11.9] and [LTT] give an alternative and 
conceptual proof that the Legendre transform solves the homogeneous real Monge- 
Ampere equation. Of course, these results show considerably more since they give 
information for all time, where the Legendre duality breaks down to some extent. 
As studied in detail in [22] , the leafwise subsolution ip measures precisely the extent 
to which the Legendre duality breaks down. 

6. HRMA AND THE Hamilton-Jacobi equation 

We now turn to showing that there exists no admissible weak solution of 
the IVP for T > T^^^^^ and establishing the relation between the HRMA and the 
Hamilton-Jacobi equation. By a weak solution we mean a solution in the sense of 
Alexandrov. 

The first step is the observation that any weak solution of HRMA is a classical 
solution of a Hamilton-Jacobi equation. Some steps resemble the arguments of 
Proposition 13.1 in [22l §13]. 

Recall that the initial Neumann data ipo of the HRMA ((BJ) is a bounded function 
on R" obtained by restricting the global Neumann data ipo on the toric manifold to 
the open-orbit. 

Proof of Theorem \1.13[ Given the Cauchy data (V'OjV'o) of ([S]), we set 
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Lemma 6.1. Let rj be a admissible solution for the HRMA Define the 

set-valued map, 

G:seR+^ lmVrj{{s} x M") C 
ThenG{s) = G(0) = {(-uo(y),y) : yeP\dP], for each s e [0,r). 

Proof. Since r? is admissible, V ^r]{W) = P\dP. Thus, V7?({s} xR") c Mx 
Note that G(0) is the graph of — uq over P \ dP. We now prove that G{s) C G(0). 
The idea is that s — )• G{s) is a continuous set-valued map. If G{s) is not contained in 
G(0), it would sweep out a set of positive Lebesgue measure in M x {P\dP) C W^~^^ 
as s varies, contrary to the assumption that is a weak solution. Since r]{s) is G^ and 
strictly convex, its gradient map Vxiji^) '■ xM" — )• P\dP is a homeomorphism to its 
image, i.e. has a single valued inverse, and for each xq G P\dP, (V2^r/(s))~^ : P\ 
dP — )• maps an open neighborhood of V2^??(s, xq) E P to an open neighborhood 
U of xo in M". 

To clarify the picture, consider the diagram: 

{s}xM" — > G(s) = {7)(s,x),V^r/(s,x))} C M X (P\aP) 



(77) 



(V.r?(s))- 



P\dP 

Here, vr is the natural projection. Since Vxr]{s,x) : M" — t- P \ dP is a homeomor- 
phism, also vr : G(s) — t- P \ (9P is a homeomorphism. Thus, G{s) is a graph over 
P\dP. 

Now suppose that there exists z = {rj{s, xo),Vxr]{s, xq)) G G(s) \ G(0), i.e. 
f]{s,xo) / — uq ° ^2^7/(5, Xo). Then 7r~-'^(C/) C G(s) is a graph passing through 
z G(0). Since G{s) is a continuous set-valued mapping and vr : G(0) — C/ is 
a different graph than vr : G(s) — t- U, the intermediate graphs vr : G{a) — t- [/ for 
a € [0, s] must fill out the region in between the graphs and create a set of positive 
Lebesgue measure. To be more precise, put S := supjcr : G{a) contains {—uq o 

Vxr]{s,x),Vx'i]{s,x))} < s. Again by continuity, M x [/ n ^ Ufj^[s,s] G{cr)^ must 

contain a set of positive Lebesgue measure in This is impossible, though, by 

Definition 11.71 Thus, we have shown that G(s) C G(0) 

But since the projection of G(s) onto the factor equals P \ dP for each s, 
and G(0) is a graph over P \ dP, the containment just proved implies the equality 
G(s) = G(0). □ 

Thus, by Lemma [6.1l and the differentiability assumption, for each (s, x) G [0, T] x 
R" there exists a unique y £ P \ dP such that 



drj 

ds 



{s,x),VxV{s,x)^ ={-uo{y),y), 



or, in other words. 



— {s,x) = -uooVxrj{s,x), (78) 
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which concludes the proof of one direction of Theorem 11.131 

For the converse, suppose that r] £ C^([0, T] x M") is a solution of the Hamilton- 
Jacobi equation (jlOp . Then ImVr] C G(0), and since G{0) has zero Lebesgue mea- 
sure in M""'"^, ?7 is a weak solution of the HRMA. □ 

Remark 6.2. The proof can be generalized to handle admissible solutions that are 
only partially regular in the sense of [221 §10]. 

Proof of Proposition \l. 14\ Let tp^ denote the leafwise subsolution of the HRMA ^ 
given by Proposition 11.11] and let ?? be a admissible solution of ([6|) (see Definition 
II. 8p . Both ip and t] are convex functions on [0, T] x M". By Theorem II. 13l both ijj and 
77 are solutions of the Hamilton-Jacobi equation (jlOp . The method of characteristics 
implies that solutions of (jlOp are unique as long as the characteristics of the 
equation do not intersect each other. The equation for the projected characteristic 
curves x(s) is (see, e.g., [6l Chapter 3]) 

±{s) = (l,V5Uo(P5(s))), x(0) = (0,xo), 
while z{s), the solution at x(s), satisfies 

i(s) = (1, V5no(Pc(s))) • {pAs),p^{s)), z{0) = tl^oixo), 
and p(s) = {pa{s),p^{s)), the gradient of the solution at x(s), satisfies 
p(s) = 0, p(0) = (Mxo), VM^o))- 

Therefore, x(s) = [s,xo + sVuo(VV'o(a;o))) • Thus, the projected characteristic do 
not intersect as long as the map {s,x) 1— )• {s,x + sVuoi^'ipoix))) is invertible, or 
equivalently as long as 

X I—)- Vuo o Vipo{x) + sVuq o Vipo{x) 

is invertible on M"; this is precisely as long as Vuo + sVito is invertible on P \ dP, 
or as long as uq + suq is strictly convex, i.e., precisely for s < T^p^^- Thus rj = ipL 
for s < T^p^^- In fact, the equation for x(s) shows that the characteristics for the 
Hamilton-Jacobi equation precisely coincide with the leaves of the HRMA foliation. 
Moreover, the equation for z{s) shows that 

z(x(s)) = tpo{xo) + sipo{xo) + s{Vuo o V^poixo), V^po{xo)) 

= -no o (Vipoixo)) + {Vito o VtPo{xo),VtPo{xo)) 

+ sipo{xo) + s{Vuo o VtPo{xo),VtPo{xo)) 

= -no o {VtPo{xo)) + {Vuq o VtPo{xo), VtPo{xo)) 

- suo{ViPq{xo)) + s(Vno o Vipo{xo),Vipo{xo)) 

= -(no + sno) o (VV'o(2;o)) + (V(no + sno) o VtPo{xo),VtPo{xo)) , 

while from the equation for x(x) we have 

x(s) = (Vno + sVno) o V^l^o{xQ). 

Altogether, letting Ug := uq + suq, we have 

z{Vus{y)) = -Us{y) + (Vns(y),y), 
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or in other words, z{s,x) = u*{x) = iIjl{s,x). □ 

Note that in the proof above we show in essence that any solution of the 
HRMA is given by the Hopf-Lax formula |12l E] ■ 

Finally, we relate the orbits of the Moser map, the Hamiltonian orbits, and the 
characteristics in M"+^ of the HRMA. The following generalizes to weak solutions 
of the HRMA the well-known 'conservation law' (I27p of smooth solutions of the 
HCMA. 

Proposition 6.3. Let r] be a weak solution of the HRMA and let if = 
r] — ipQ, considered as a function M. Also, let fs he the Moser maps fs{z) = 
exp — -y/^^sX^^'' defined in ([2]) and Proposition \1.9[ Then 

ips° fs = 9^0- 

Further, the fg-orbits {s,fs{x)) are the leaves of the real Monge-Ampere foliation, 
namely the projected characteristics of the Hamilton-Jacobi equation (llOp . 

Proof. By combining (jTSh . ([74]) and Propositions 11.91 and [LT4l one sees that this 
equation is equivalent to the Hamilton-Jacobi equation in Theorem 11.131 

To prove the last statement we note that the leaves of the Monge-Ampere foliation 
are orbits of the complexified Hamiltonian action exp tX^'^'^ . The real orbits lie on 
the orbits of the Hamiltonian (jS'^)"-action and the real slice of this torus orbit is a 
point. Hence the real slice is the imaginary time orbit, i.e., the orbit of Z^. □ 
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